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Let $y(P_{i})$ be the group of the (equivalence class of) automorphisms of the Lebesgue
space $(\Omega, \mathscr{B}, P_{i})$ , $i=1,2$ . Then $y(P_{i})$ is a complete separable metrizable topological group
with respect to the weak topology. Let $G_{i}$ be a connected subgroup of $y(P_{i})$ . Suppose
that $P_{i}$ is $G_{i}$-ergodic and the following conjugacy is satisfied:
$\forall T\in G_{1}$ , $T\mathrm{o}G_{2}\circ T^{-1}\subset y(P_{2})$
$\forall S\in G_{2},$ $S\circ G_{1}\circ S^{-- 1}\subset$ !(P1).





$(\Omega, \mathscr{B})$ . $\mu$ $\nu$ $(\mu<<\nu)$
$A\in \mathscr{B}$ $\nu(A)=0$ $\mu(A)=0$ , $\mu$ $\nu$ $(\mu\sim\nu)$
$\mu$









8. $k$ $\mu_{k}\sim\nu_{k}$ $\mu\sim\nu$ $\mu[perp]\nu$
.
Brown and Dooley[1] $Z_{\ell(i)}=\{0,1, \ldots, \ell(i)-1\},$ $i\geq 1$
$X:=$ \Pi 1 z, ) $\mathrm{G}$-measure , [5]
.
.
. $\Omega$ , ,
$(\Omega, \mathscr{B}, P)$ .
Definition 2 (Automorphism) $T:\Omegaarrow\Omega$ 1,2 automorphsm
.
1. $N,$ $N’\in \mathscr{B}$ $P(N)=P(N’)=0$
$T$ : $\Omega\backslash Narrow\Omega\backslash N’$ , .
2. $T(P)\sim P(T^{-1}(P)\sim P)$ . $T$ (P)(A) $:=(P\circ T^{-1})$ (A), $A\in d\mathit{6}$
Lemma 3 $G$ (P) $(\Omega, \mathscr{B}, P)$ automorphism , $G$ (P) .
Proof : $I$ , :
Definition 4 ( $G$-ergodic) $G\subset G$(P) . $A\in da-$
$T\in G$ $P$ (A $\triangle T^{-1}(A)$ ) $=0\Rightarrow P(A)=1$ or 0 $P$ G-ergodic
.
2 automorphism
Halrnos[2],Tu1cea[3] $G$ (P) . $G$ (P)
.
Definition 5 $S,$ $T\in G$ (P) $P(\{\omega : S(\omega)\neq T(\omega)\})=0,$ $\omega\in\zeta$?
$S\sim T$(mod0) .
$\sim$
Fact 6 $G$ (O , $\sim(\mathrm{m}\mathrm{o}\mathrm{d} 0)$ .
Proof T\sim T’-. $S\sim S’$ (mod0)
$\Rightarrow T-1_{\sim}$ T’-1, $T\circ S\sim T’\circ S’$ (Inod 0)






$f$ $L_{1}$ isometry, $||\tilde{T}f||_{L_{1}}=||f\cdot||_{L_{1}}$ $\ovalbox{\tt\small REJECT}(L_{1}, L_{1})$
$y$ (P) , $T_{0}\in\ovalbox{\tt\small REJECT}(P)$
$V$ (T0) $:=$ { $T|$ ||T $T_{0}f_{i}.||<\in \mathrm{i},$ $i$ =1,2, $\ldots,$ $n$ }, $\mathit{6}>0,$ $f$1, . . $tf_{\iota}..,\in L_{1}$
.
$d(S, T):= \sum_{1n=1}^{\infty}\frac{1}{2^{n}}\{||\tilde{T}\chi$A$ln-\tilde{S}\chi$A$n|$ $|$T”$\chi$A$n-S–1\chi$A$n||_{L}$ , $\}$
$\Lambda=\{A_{n} : n\geq 1\}$ $\mathscr{B}$ .
. $y(P)$ .
$(\mathscr{G}(P), d)$ .
Definition 7 $G$ corlllected
$G=A\cup B,$ $A\neq\emptyset,$ $B\neq\emptyset,$ $A\cap B=\emptyset$
$A,$ $B$ .




Theorem 8 $P_{1},$ $P_{2}$ ( $\Omega$ , , $G_{i}\subset y$ (Pi), $i=1,2$ .
$\{$
$P_{i}$ : $G_{i}$ -ergodic $(i=1_{1}2)$
$G_{1},$ $G_{2}$ : connected
$\forall T\in G_{1},$ $T\circ G_{2}\circ T^{-1}\subset\ovalbox{\tt\small REJECT}(P_{2})$
( 1 )
$\forall S\in G_{2},$ $S\circ G_{1}\circ S^{-1}\subset \mathscr{G}(P_{1})$
$P_{1}\sim P_{2}$ $P_{1}[perp] P_{2}$ .
Theorem 8 Lemma 9, 10
Lemma 9 $G_{0}\subset G\subset y$ (P) , G $G$ . $P$ $C_{7\{)}$-ergodic $P$
$G$-ergodic ( .
11
Proof ( ) $T\in G$ $P(A\triangle T^{-1}(A))=0$ . ,
$T’\in G0$ $T’\in G$ $P$ (A $\triangle T^{-1}(A)$ ) $=0$ . $P$ $G_{0}$ -ergodic
$P(A)=0$ or 1 .
( ) $\forall T\in G_{0}$ $P$ (A $\triangle T^{-1}(A)$ ) $=0$ . $\mathrm{a}\mathrm{u}\mathrm{t}\mathrm{o}\mathrm{r}\mathit{1}1\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{b}^{1}\mathrm{m}$ { $T_{\iota}.$, : $T_{r\iota}\in$
$G_{0}\};T\text{ }$ \rightarrow T $B\in \mathscr{B}$ $P((T_{n}^{-1})(B)\triangle T^{-1}(B))arrow 0$ .
$|$ P(A $\triangle$T$n-1(A)$ ) $-P(A\triangle \mathrm{I}^{1}-1(A))|\leqq P(T_{n}^{-1}(A)\triangle T^{-1}(A))arrow 0$
$(G, d)\ni Tarrow P$ (A\triangle $T^{-1}(A)$ ) $\in[0,1]$ . , $T\in G$
$P$ (A $\triangle T^{-1}(A)$ ) $=0$ . $P$ $G$-ergodic $P(A)=0$ or 1 .
Lemma 10 $T\in G$ $T$ (P) $\sim P$ $P_{2}$ $G$-ergodic $P2\ll$
$P_{1}$ or $P_{2}[perp] P_{1}$ .
Proof $G_{0}\subset G$ : ( $y(P_{1})\}\ovalbox{\tt\small REJECT}$ (P2) ) . $G_{0}$ $[G_{0}]$
$[G_{0}]:=\cup(G_{0}\cup G_{0}^{-1})^{n}n=0\infty$
. $P_{1}(A)=0$ . , T\in G $T\in \mathscr{G}(P_{1})$
$P_{1}\sim T^{-1}$ (P1) . $P_{1}(A)=0$ $T^{-1}(P_{1})(A)=P_{1}(T(A))=0$
$P_{1}([G_{0}](A))=P_{1}(_{\mathit{1}’\in}, \bigcup_{1^{G}0]},T(A))\leqq’\sum_{I^{\mathfrak{l}}\in[G_{0}]}P_{1}(T(A))=0$. $(*)$
$T\in G_{0}$ $T^{-1}([G_{0}](A))=[G_{0}](A)$ $[G_{0}]$ (A) G0-
. , $T\in G_{0}$
$\ovalbox{\tt\small REJECT}([G_{0}](A)\triangle T^{-1}([G_{0}](A)))$
$=$ $P_{\mathit{2}}.([G_{0}](A)\triangle[G_{0}](A))=P_{2}(\emptyset)=0$ $(**)$
. Lemma 9 $P_{2}$’ $G$-ergodic , $P_{2}$ $G_{0}$-ergodic $(**)$
$P_{2}([G_{0}](A))=0$ or 1 .
(i) $\forall A\in \mathscr{B};P_{1}(A)=0$ $P_{12}([G_{0}](A))=0$ $A\subset[G_{0}](A)$ .
$\ovalbox{\tt\small REJECT}(A)\leqq P_{2}([G_{0}](A))=0$
. $P_{1}(A)=0$ $P_{2}\mathrm{f}(A)=0$ $P_{2}|\ll P_{1}$ .
(ii) $\exists A\in \mathscr{B};P_{1}$ (A) $=0$ $P_{2},$ ([G0](A)) $=1$ , $P_{1}$ (A) $=0$ $(*)$
$P_{1}([G_{0}](A))=0$ . $P_{2}([G_{0}](A))=1$ $P_{1}[perp] P_{2}$ .
(i), (ii) $P_{2}$ $P_{1}$ or $P_{1}[perp] P_{2}$’ .
11 $P_{1},$ $P_{2}$ : $($ \Omega , $\mathscr{B})$
$G\subset 7(P_{\mathrm{I}})\cap \mathrm{V}(P_{2})$ . $P_{1},$ $P_{2}$ : $G$-ergodic $P_{1}\sim P_{2}$. $P_{1}[perp]\ovalbox{\tt\small REJECT}$
12
Proof $\forall T\in G$ $T(P_{2})\sim P_{2}$ , $P_{1}$ $G$-ergodic
$\ovalbox{\tt\small REJECT}$ $P_{2}$ $P_{1}[perp] P_{2}$ . $P_{1}\sim P\prime z$ $P_{1}1P_{2}$‘ .
Proof of Theorem 8 $(1^{\mathrm{o}})$ $T\in G_{1}$
$G_{2}\subset y(T(P_{2}.))\cap y(T^{-1}(P_{2}))$
$\forall S\in G_{2}$ $(\Omega, \mathscr{B}, T(P_{2})),$ (\Omega , $\mathscr{B}$ ,




$=$ $P_{2}(T^{-1}\circ S^{-1}\circ T\circ T^{-1}(A))$
$=$ $(T^{-1}\circ S^{-1}\circ T)^{-1}(P_{2}(T^{-1}(A))$
$=$ $(T^{-1}\circ S^{-1}\circ T)^{-1}T(P_{2})(A)$.. $\cdot$ $(T^{-1}\circ S^{-1}\circ T)^{-[perp]}=T^{-1}\circ S\circ T\in 7(P_{2})$ .
$S(T(P_{2}))(A)=0\Leftrightarrow T(P_{2}.)(A)=0$
$S(T(P_{2}))\sim T(P_{2}‘)$ .
$S(T^{-1}(P_{2}))\sim T^{-1}(P_{2})$ . , $\forall T\in G_{1}$ $G_{2}\subset y$ ($T($P2)) $\cap$
$\mathscr{G}(T^{-1}(P_{2}))$ .
$(2^{\mathrm{o}})$ $\forall S\in G_{2}$ $S(T(P_{2}))\sim T$(P2) $P_{2}$. $G_{2}|$-ergodic
10 $P_{2}$ $T$ (P2)or $P_{\mathit{2}}\mathrm{r}1T$(P2) . , $\forall S\in G_{\mathit{2}}$,
$S(T^{-1}(P_{2}))\sim T^{-1}$ (P2) $P_{2}$, $G_{2^{-}}\mathrm{e}\mathrm{r}\mathrm{g}.\mathrm{o}\mathrm{d}\mathrm{i}\mathrm{c}$. $P_{2}$‘ $T^{-1}$ (P2)or
$\ovalbox{\tt\small REJECT}[perp] T^{-1}$ (P2) . $\forall T\in G_{1}$ $P_{2}\sim T$ (P2)or $P_{2}.[perp] T$ (P.2).
$(3^{\mathrm{o}})$ $S\in G_{2}$
$P_{1}\sim S$ (P1)or $P_{1}[perp] S$ (P1),
$(4^{\mathrm{o}})\forall T\in G_{1}$ $P_{2}\sim T$ (P2), $\forall S\in G_{2}$ $P_{1}\sim S$ (P1) . b\sim T(P
, $P_{1}$ $G_{1}$-ergodic $P_{1}<<P_{2}$ or $P_{1}[perp] P_{1}$ . $P_{1}\sim S$ (P1) , $P_{2}$
$G_{2}$-ergodic $P_{2}$ $P_{1}$ or $P_{1}[perp] P_{\mathit{2}}$. . $P_{1}\sim P_{2}$.or $P_{1}[perp] P_{2}$ .
$(5^{\mathrm{o}})$ $V_{n}:=\{S: d(S, \mathrm{D}<\mathrm{g}\}$ , $V$n $1_{n}^{\gamma-1}=:U$n $I$ ( $U_{r\iota}^{-}$ l=U.r .
$\exists T\in G_{1}$ ; $P_{2}1T(P_{2})\Rightarrow P_{1}[perp] P_{2}$
$P_{1}\angle P_{2}$ , $\exists A;P_{1}(A)>0,$ $P_{2}(A)>0$ . $\exists k$ (n); $T=$
$T_{r\iota,1}\circ\cdot$ . . $\circ$ T\gamma ’’k , $T_{\tau\iota,i}\in U_{r\iota},$ $1\leqq\prime i\leqq k$(n) . $\forall i$ $T_{n,i}(P_{2})\sim P_{2}$
. $T(P_{2})=T_{n,1}\circ\cdot$ . . $\circ T_{n,k(}$n)(P2) $T(P_{2})\sim P_{2}$ . $T(P_{2})[perp] P_{2}$







, $P_{1}7LP$2 $A$ $P_{1}\sim P_{2}$ , $T_{r\iota,i}$ (A)
$T_{n.i}(P_{1})\sim T_{n,i}(P_{2})$ (3)
. $T_{n,i}$ (A) $\supset C$ $A\supset T_{n,i}^{-1}$ (C) $T_{r\iota,i}(P_{1})$ (C) $=0$ $\Leftrightarrow$
$\ovalbox{\tt\small REJECT}(T_{r\iota,i}^{-1}(C))=0$ , Tn P2) $(C)=0\Leftrightarrow P_{2}|(T_{n,i}^{-1}(C))=0$ , $A$ $P_{1}\sim P_{2}$’
. $(2),(3)$ $T_{n,i}$ (A) $P_{1}\sim T_{r\iota,i}(P_{2})$ . $A$
$\ovalbox{\tt\small REJECT}\sim P_{2}$ $A\cap T_{n,i}(A)$
$P_{2}.\sim T_{n,i}(P_{2})$ . (4)
(1) (4) $P_{\mathit{2}}’\mathrm{f}A\cap T_{r\mathrm{t}’i},,(A))=0$ ,
$A$ $P_{1}\sim P_{2}$
$P_{1}(A\cap T_{\iota,i},’(A))=0$ (5)
. $T_{n,i}\in U_{\iota}$, $\ovalbox{\tt\small REJECT}(P)$ $T_{\iota,i}t’arrow I(narrow\infty)$ $P_{1}(A\cap T_{,\iota,\prime i},(A))arrow$
$P(A)>0(narrow\infty)$ . IL, , $\prime r\iota$ $P_{1}(A\cap T_{,\iota,i},(A))>0$










$x+t$ (modl), $0\leqq x\leqq 1$
x $1<x\leqq 2$
$P_{1} \oint P_{2}$ , $P_{1}4P_{2}$
$P_{1}$ $G_{1}$ -ergodic, .
$\ovalbox{\tt\small REJECT}$ $G_{2}$-ergodic, .
$\bullet$ $G_{1}$ $G_{2}$
$g_{\frac{(2}{3}}^{1)}.\mathrm{o}g_{\frac{(1}{3}}^{2)}\mathrm{o}g_{-\check{\frac{)}{3}}}^{(1)}.\not\subset y(P_{2})$
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